In this paper, we first prove some coupled fixed point theorems in partially ordered -orbitally complete normed linear spaces. And then apply the obtained fixed point theorems to a class of semilinear evolution systems of fractional order for proving the existence of coupled mild solutions under some weaker monotone conditions. An example is given to illustrate the application of the abstract results.
Introduction
Let E be a nonempty set, : E → E a mapping. If for x ∈ E, one has x = x, then x ∈ E is called a fixed point of in E. Fixed point theory plays an important role in nonlinear functional analysis. Different types of fixed point theorems have been used to prove the existence of solutions for differential and integral equations; see [-] . The Banach contraction principle is one of the most powerful fixed point theorems in nonlinear analysis for proving the existence and uniqueness of fixed points in metric spaces. It is interesting to improve and extend the conditions of the Banach contraction principle. Recently, by weakening the requirement on the contraction in partially ordered metric spaces, a series of fixed point theorems are established for monotone mappings by Agarwal et We recall some definitions of the monotone mapping. A mapping : E → E is monotone means it is monotone nondecreasing or monotone nonincreasing. Assume that (E, ≤) is a partially ordered set and : E → E. For x, y ∈ E, if x ≤ y implies (x) ≤ (y), is called a monotone nondecreasing mapping in E. Similarly, we can define a monotone nonincreasing mapping in E. If for x  , x  ∈ E, x  ≤ x  implies (x  , y) ≤ (x  , y) for all y ∈ E, while for y  , y  ∈ E, y  ≤ y  implies (x, y  ) ≥ (x, y  ) for all x ∈ E, then we say that is a mixed monotone mapping in E.
The above mentioned fixed point theorems, see [, , -], are all for the monotone mapping. In [], Bhaskar and Lakshmikantham extended the fixed point theorems obtained in [, , -] to the mixed monotone mapping in partially ordered metric spaces. At first, they introduced a definition of the coupled fixed point. And then some coupled fixed point theorems were proved in partially ordered metric spaces. Recently, these coupled fixed point theorems were refined and improved by Lakshmikantham In the above mentioned results, the assumptions of mixed monotone property and contraction property of the mapping are essential. The purpose of this paper is to delete or weaken these conditions. In this paper, by utilizing a different technique, we prove some coupled fixed point theorems in a partially ordered -orbitally complete normed linear space. In our results, we neither assume that the mapping is mixed monotone, nor assume that it is a contraction. We divide the mapping into two parts, and assume that every part satisfies some conditions, by using an existing Krasnoselskii-type fixed point theorem, a coupled fixed point theorem for the mapping is proved. As applications, we apply the obtained coupled fixed point theorem to a certain abstract fractional evolution systems for proving the existence of coupled mild solutions.
The rest of this paper is organized as follows. In Section , some definitions are recalled and an existing Krasnoselskii-type fixed point theorem is introduced. In Section , coupled fixed point theorems are proved. In Section , we apply the obtained coupled fixed point theorem to a certain abstract fractional evolution systems. A specific example is given in Section  to illustrate the abstract results.
Preliminaries
Let E be a partially ordered normed linear space with partial order ≤ and the norm · E . If two elements x, y ∈ E satisfy either x ≤ y or x ≥ y, we say that they are comparable. If E is complete with respect to the norm · E , we called it a partially ordered complete normed linear space.
Definitions .-. can be found in [, ].
Definition . Let : E → E be a mapping. For any x ∈ E, we define an orbit (x; ) by
If for any sequence {x n } ⊂ (x; ), x n → x * implies x n → x * for each x ∈ E, is said to be -orbitally continuous in E. A normed linear space (E, · E ) is called -orbitally complete if every Cauchy sequence {x n } ⊂ (x; ) converges to a point x * in E. Definition . A mapping : E → E is called partially nonlinear D-Lipschitz if for all comparable elements x, y ∈ E, there is a D-function φ :
Furthermore, if φ(r) < r for r > , is called a partially nonlinear D-contraction in E.
Definition . A mapping : E → E is said to be partially compact if for all totally ordered sets or chains C ⊂ E, (C) is a relatively compact subset of E. 
Fixed point theorems
Let (E, · E ) be a -orbitally complete normed linear space. Define a positive cone K in E by
Then E becomes now a partially ordered -orbitally complete normed linear space with the partial order ≤ induced by K . It is well known that the partially order ≤ and the norm · E are compatible if cone K is normal.
By Lemma ., we first prove the following fixed point theorem. 
Then the equation x
Proof By Remark . of [] and the proof of Lemma ., if the continuity of operators A  and A  is replaced by the -orbitally continuity in conditions (a) and (b) of Lemma ., the conclusion of Lemma . is still true. On the other hand, since D is a nonempty closed subset of E, it follows that D is -orbitally complete and has partial order ≤. For any comparable elements x, y ∈ D, x ≡ y, by the condition (a) , it follows that there is τ ∈ (, ) satisfying
Let φ(r) = τ r. Then φ is a D-function and φ(r) < r for any r > . This implies that the condition (a) of Lemma . is satisfied. By Lemma ., we obtain the desired conclusion.
If the inequality given in assumption (c) of Lemma . is reverse, more precisely, the condition (c) of Lemma . is replaced by
By Theorem . of [], the conclusion of Lemma . is still true. Hence we can obtain the following fixed point theorem. Since the proof is similar to Theorem ., we omit the details here. Let E := E × E. Define a sum and a scalar multiplication in E by
And define a positive cone and a norm in E by
Then ( E, · E ) is a partially ordered normed linear space with the order relation ≤ induced by
By Theorem ., the following coupled fixed point theorem is obtained. 
Proof Since (E, ≤, · E ) is a partially ordered -orbitally complete normed linear space, and positive cone K is normal, it follows that ( E, ≤, · E ) is a partially ordered -orbitally complete normed linear space and positive cone K E is normal. Since D is a nonempty closed subset of E, it follows that D × D is a nonempty closed subset of E.
If the operator equation
then we obtain
This implies that the operator Q(x, y) has a coupled fixed point in E. We will apply Theorem . to prove that the operator equation u = A  u + A  u has a solution in E. The proof will be given in several steps.
Step I. A  is -orbitally continuous and
Since A  is -orbitally continuous, by the definition of A  , it is easy to see that A  is -orbitally continuous. For all comparable elements w = (w  ,
Hence, we obtain
Step II. A  is -orbitally continuous and partially compact. 
This implies that A  ( C) is uniformly bounded in D.
Since A  (C) is equi-continuous in D, for any z ∈ C and t  > t  , we have
Therefore, by the Arzela-Ascoli theorem, A  ( C) ⊂ D is relatively compact. Consequently, A  : D → D is partially compact.
Step III. There is an element u  ∈ D satisfying
by the condition (iii), we have
Hence we obtain the desired conclusion.
Step IV. Every pair of elements in D has an upper and a lower bound. For every pair of elements w = (w  ,
Thus, we have
Consequently, every pair of elements w, v ∈ D has an upper and a lower bound. Therefore, by Theorem ., the operator equation
By Theorems . and ., the following coupled fixed point theorem is obtained. Because its proof is similar to Theorem ., we omit the details.
Theorem . Let E be a partially ordered -orbitally complete normed linear space with the norm · E and the order relation ≤, positive cone K be normal, and let D be a nonempty closed subset of E. Assume that A  , A  : D → D are two monotone nondecreasing mappings satisfying (i) A  is -orbitally continuous and a partially nonlinear D-contraction, (ii) A  is -orbitally continuous and partially compact, (iii) there is an element v
 ∈ D satisfying v  ≥ A  v  + A  y for all y ∈ D,
and (iv) every pair of elements in D has an upper and a lower bound.

Then Q(x, y) = A  x + A  y has a coupled fixed point in E.
Remark . The hypothesis (iv) of Theorems . and . holds if the partially ordered set E is a lattice. We known that the set C(J, X) is a lattice, where C(J, X) is the set of all continuous X-valued functions on J ∈ R, X is a partially ordered set. For any x, y ∈ C(J, X), max{x, y} and min{x, y} are the upper and lower bounds, respectively.
Remark . The assumptions of mixed monotone property and contractive property of the mapping Q are essential in [, , , ]. But in Theorems . and ., we neither assume that the mapping Q is mixed monotone, nor assume that the mapping Q is a contraction. We only suppose that the mapping Q is a nondecreasing mapping and a part of Q (namely, the operator A  ) is a partially nonlinear D-contraction. Plus with other assumptions we obtain the coupled fixed point theorems. Hence Theorems . and . extend the main results of [, , , ].
Existence results for fractional evolution systems
Let (X, · ) be a -orbitally complete normed linear space. Define its positive cone as K = {x ∈ X : x ≥ }. Then X becomes a partially ordered -orbitally complete normed linear space with the norm · and the partial order ≤ induced by the cone K . In this section, we always assume that K is normal. Investigate the existence of coupled mild solutions to the initial value problem of the fractional hybrid evolution system
x(t) + Ax(t) = f (t, x(t)) + h(t, y(t)), C D σ t y(t) + Ay(t) = f (t, y(t)) + h(t, x(t)), t ∈ J, x()
t denotes the σ ∈ (, ) order Caputo fractional derivative, -A generates a C  -semigroup S(t) (t ≥ ) of uniformly bounded linear operator in X, f and h are given functions.
For the C  -semigroup S(t) (t ≥ ), if S(t)x ≥  for all x ≥ , it is called a positive C  -semigroup. Throughout this section, we always assume that -A generates a positive C  -semigroup S(t) (t ≥ ) of uniformly bounded linear operator in X. Namely, there is a constant M >  such that S(t) ≤ M for all t ≥ .
Definitions . and . can be found in [, , ].
Definition . The fractional integral of order σ >  with the lower limits zero for a function f ∈ L  (J, E) is defined by
where is the gamma function.
Definition . The Riemann-Liouville derivative of order n - < σ < n, n ∈ N with the lower limits zero for a function f ∈ L  (J, E) can be defined as
The Caputo fractional derivative of order  < σ <  with the lower limits zero for a function f ∈ L  (J, E) can be defined as
Define two operator families {U σ (t)} t≥ and {V σ (t)} t≥ as
where
Lemma . (i)
For any x ∈ X and fixed t ≥ , one has
Proof (i) and (ii) can be found in reference [, ] . (iii) is easily seen from the definitions of U σ (t) and V σ (t). So, we omit the details here.
Let C(J, X) be a set of all continuous X-valued functions on the interval J and let
Then C(J, X) is a partially ordered -orbitally complete normed linear space with the norm x C := sup{ x(t) : t ≥ } and the partial order ≤ induced by K C . It is clear that
Definition . An element (x, y) ∈ E × E is called a coupled mild solution of the system (.) if and only if it satisfies the following system of operator equations:
We shall use Theorem . to prove that (.) has a coupled fixed point in E × E. For this purpose, we consider the following hypotheses:
(H) The function f : J × X → X is continuous in x for all t ∈ J and there exist a constant ρ ∈ R with  < ρ < (σ +)
Mb σ and a D-function φ :
Since, by (H), h(t, x) is bounded in x for all t ∈ J, there is a constant M >  such that h(t, x) ≤ M for all t ∈ J and x ∈ X. For
Then D is a closed and bounded subset in E. By virtue of the assumptions (H)-(H), we have the following lemmas.
Lemma . Assume that the hypothesis (H) holds. Then the operator A  : D → D isorbitally continuous, nondecreasing and a partially nonlinear D-contraction in E.
Proof By (H), (.) and (.), for any x ∈ E with x C ≤ r * , we have
This implies that A  x C ≤ r * for any x ∈ E with x C ≤ r * . Moreover, we have
This implies that A  maps D into itself. Since S(t) (t ≥ ) is a positive C  -semigroup, by (H) and Lemma ., it follows that A  : D → D is nondecreasing. Take a sequence {x n } ⊂ (x; A  ) for any x ∈ D with x n → x * as n → ∞. Since f is continuous in x for all t ∈ J, by assumption (H) and dominated convergence theorem, we have
This implies that A  : D → D is -orbitally continuous. For any comparable elements x, y ∈ D, without loss of generality, we assume that x ≥ y. By (H), for any t ∈ J, we have
This implies that
Lemma . Let the hypotheses (H) and (H) hold. Then the operator A  : D → D isorbitally continuous, nondecreasing and partially compact in E.
Proof By the assumption (H), (.) and (.), for any x ∈ E with x C ≤ r * , we have
This follows that A  x C ≤ r * for any x ∈ E with x C ≤ r * . Further, we have
This implies that A  maps D into itself. To apply Theorem ., it remains to prove that there is an element
Then we have
t, x(t) + h t, y(t) ds
for all y ∈ D and t ∈ J. Hence all the conditions of Theorem . are satisfied. By Theorem ., the system (.) has a coupled fixed point in E. Therefore, the fractional evolution system (.) has a coupled mild solution in E.
By Theorem ., we can obtain the following corollaries easily.
Corollary . Let the hypotheses (H), (H) and (H) hold. In addition, the following condition is satisfied:
(H) The function f : J × X → X is continuous in x for all t ∈ J and there is a constant β ∈ (, (σ +)
Then the fractional evolution system (.) has a coupled mild solution on J.
Corollary . Let the hypotheses (H), (H) and (H) hold. In addition, the following condition is satisfied:
(H) The function f : J × X → X is continuous in x for all t ∈ J and there is a constant γ ∈ (, (σ +)
Applications
In this section, we apply the obtained abstract results to the following fractional hybrid dynamic system:
It is clear that h : I × I × R → R is continuous, nondecreasing and
This implies that the condition (H) holds. Then the fractional hybrid dynamic system (.) has a coupled mild solution.
Proof Let X = C(I, R). Then X is a -orbitally complete normed linear space with the norm x(t) C = max t∈I |x(t)|. Define a positive cone in X by K = {x ∈ X : x ≥ }. Then K is a closed convex cone in X, which is normal. Define an operator A : D(A) ⊂ X → X by Au = u , u ∈ D(A) := u ∈ X : u ∈ X, u() = u() =  .
It is well known that A generates a C  -semigroup S(t) (t ≥ ) given by
S(t)u(z) = u(t + z), t ≥ , u ∈ X.
Then S(t) (t ≥ ) is an equi-continuous C  -semigroup, but it is not compact, and sup t∈I S(t) ≤ . This implies that the condition (H) holds. Let
x(t)(z) = x(z, t), y(t)(z) = y(z, t), f t, x(t) (z) = f z, t, x(z, t) , h t, x(t) (z) = h z, t, x(z, t) .
Then the fractional hybrid dynamic system (.) can be rewritten into the abstract fractional evolution system (.). By the assumptions (P) and (P), the conditions (H) and (H) hold. Hence by Theorem ., the abstract fractional evolution system (.) has a coupled mild solution, which is also the coupled mild solution of the fractional hybrid dynamic system (.).
Similarly, using Corollaries . and ., we can obtain the following theorems. Then the fractional hybrid dynamic system (.) has a coupled mild solution.
